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ERGODIC PROPERTIES OF THE ANZAI
SKEW-PRODUCT FOR THE NONCOMMUTATIVE
TORUS
SIMONE DEL VECCHIO, FRANCESCO FIDALEO, LUCA GIORGETTI,
AND STEFANO ROSSI
Abstract. We provide a systematic study of a noncommutative
extension of the classical Anzai skew-product for the cartesian
product of two copies of the unit circle to the noncommutative
2-tori. In particular, some relevant ergodic properties are proved
for these quantum dynamical systems, extending the correspond-
ing ones enjoyed by the classical Anzai skew-product.
As an application, for a uniquely ergodic Anzai skew-product
Φ on the noncommutative 2-torus Aα, α P R, we investigate the
pointwise limit, limnÑ`8
1
n
řn´1
k“0 λ
´kΦkpxq, for x P Aα and λ a
point in the unit circle, and show that there exist examples for
which the limit does not exist even in the weak topology.
1. introduction
The systematic study of noncommutative aspects of many branches
of mathematics has seen an impetuous growth in the last decades not
least because of their applications to quantum physics.
Among these aspects, the analysis of the ergodic properties of non-
commutative dynamical systems, which are in fact a natural framework
for the description of quantum physical systems, is undoubtedly worth
mentioning.
The investigation of ergodic properties of classical dynamical systems
was at first motivated by the problem of justifying the thermodynam-
ical laws from the microscopic principles of statistical mechanics, i.e.
the so-called ergodic hypothesis.
Given a classical dynamical system pX, T, µq, where X is a compact
topological space, T : X Ñ X a continuous map, and µ an invariant
probability measure under the action of T , classical ergodic theory
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primarily deals with the study of the long-time behaviour of the Cesaro
means (i.e. ergodic averages)
(1.1) Mf,λpnq :“
1
n
n´1ÿ
k“0
λ´kf ˝ T k , n P N ,
|λ| “ 1, of continuous functions or more generally of any measurable
function f .
Among the most celebrated classical ergodic theorems, we mention
the Birkhoff individual ergodic theorem, which concerns the study of
the pointwise limit limnÑ`8Mf,1pnqpxq, x P X , when f is summable,
and the von Neumann mean ergodic theorem, which concerns the limit
L2´limnÑ`8Mf,1pnq when f is square-summable.
The uniform limit of the averages Mf,λpnq was systematically inves-
tigated in [28], showing convergence for λ in a particular subset of the
unit circle depending on T , and examples of non-convergence when λ
belongs to its complement.
The amount of results obtained in the commutative setting is far too
vast to provide an exhaustive account. A standard reference is [8]. We
also refer to [23] for several unconventional ergodic theorems, which
also play a fundamental role in number theory.
Among the most studied examples, Anzai skew-products, which made
their first appearance in [2], are a particularly fine class of dynamical
systems, insofar as they are sufficiently general to provide a wide gamut
of phenomena and yet sufficiently restricted to be fully treated.
Notably, they are automatically uniquely ergodic provided that they
are ergodic, but they may well fail to be so while being minimal. They
are also a major source of inspiration for the present work, which aims
to exhibit similar examples to cover genuinely noncommutative situa-
tions, where decidedly fewer examples are known.
In the framework of quantum physics, it is then natural to address
the systematic study of the ergodic properties of quantum (i.e. non-
commutative) dynamical systems. As a matter of fact, the situation in
the quantum setting is rather more involved than the classical situation
in several respects. For instance, all statements must be provided in
terms of the dual concept of “functions” instead of “points”, since the
latter are meaningless in the quantum cases.
As for the literature on noncommutative ergodic theory, the reader is
firstly referred to the seminal paper [25] for a thorough study of the mul-
tiple correlations and quantum (weak) mixing associated with invariant
states with central support in the bidual. We also cite [24], where gen-
eral results on C˚-dynamical systems, e.g. topological transitivity and
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minimality, are provided. Some natural generalisations of quantum er-
godic theory are investigated in a series of papers [13, 14, 15, 16, 17]
without assuming in general the centrality of the support of the in-
volved states, as is done in [25] instead, whereas the reader is referred
to [3, 9, 10, 12] for some direct applications to physics and quantum
probability.
Another motivation to study noncommutative algebras comes from
Connes’ theory of noncommutative geometry, in which a noncommuta-
tive C˚-algebra is conceived as the algebra of continuous functions on
a certain noncommutative manifold.
Many properties of the manifold under consideration can then be
encoded in what is known as a spectral triple, that is the datum of
a (possibly noncommutative) C˚-algebra represented on some Hilbert
space and of an unbounded operator, called the Dirac operator, de-
scribing the metric properties of the (classical or quantum) manifold.
For a comprehensive treatise on noncommutative geometry theory, we
refer the reader to the monograph [6], the expository paper [5], and the
literature cited therein.
It is no coincidence that one of the most studied examples in non-
commutative geometry is the noncommutative 2-torus Aα (see e.g. [4]),
since it is a rather simple model, albeit highly nontrivial. It is related
to the discrete Canonical Commutation Relations, and it can be con-
sidered as a quantum deformation of the classical 2-torus T2, with
deformation parameter given by the angle 2piα, α P R, entering in the
definition of the symplectic form involved in the construction.
On the C˚-algebra Aα describing the noncommutaive 2-torus, there
is always a faithful trace-state τ , generalising the Haar-Lebesgue mea-
sure dθ1dθ2{p2piq
2. When α is irrational, the C˚-algebra Aα is simple
and admits a unique trace, necessarily coinciding with τ , whose GNS
representation leads to the hyperfinite Murray-von Neumann type II1
factor. If α is rational, Aα is strongly Morita equivalent to the abelian
C˚-algebra CpT2q of the classical 2-torus T2.
In the setting of noncommutative geometry, type III representations
of quantum manifolds can be produced by considering “twisted” spec-
tral triples, see [7], which can obtained, e.g. by deforming ordinary
ones by using the Tomita modular operator.
For the noncommutative 2-torus, we mention the papers [21, 18],
which focus on the explicit construction type III representations of this
sort with the corresponding modular spectral triples, and the basic
Fourier analysis for such models.
What the present work aims to do is study a natural generalisation
of the Anzai skew-product to the noncommutative 2-torus Aα, first
4 S. DEL VECCHIO, F. FIDALEO, L. GIORGETTI, AND S. ROSSI
introduced by Osaka and Phillips in [26] with a different name, so as to
come up with a variety of novel quantum dynamical systems for which
notable ergodic properties can be studied in full detail.
Since Aα can also be described via the cross-product construction
CpTq⋊rα Z of CpTq by the action of the dual group pT „ Z through all
powers of the rotations prαfqpzq “ fpe
2piıαzq of the angle 2piα, the con-
struction of the Anzai skew-product for the noncommutative 2-torus
should be understood as a first nontrivial, possibly the simplest, gener-
alisation of the classical Anzai skew-product which corresponds to dy-
namical systems involving merely the classical cartesian product TˆT.
For the reader’s convenience, the definition of a noncommutative
Anzai skew-product is recalled in full detail in Section 3. Here we
limit ourselves to saying that associated with an angle θ, such that
θ{2pi is irrational, and a continuous function f : T Ñ T, there is
an automorphism Φθ,f : Aα Ñ Aα, which is defined on the unitary
generators U , V of Aα by
Φθ,f pUq “ e
ıθU , Φθ,f pV q “ fpUqV ,
The map Φθ,f is shown to be a ˚-automorphism of Aα leaving the
canonical trace τ invariant. We also note that, if α “ 0 and thus
Aα „ T
2, such definition coincides with the original one [2].
Section 4 is devoted to the study of the ergodic properties of the
above Anzai skew-product. In analogy with what happens in the clas-
sical case, we show that the C˚-dynamical system
`
Aα,Φθ,f , τ
˘
is er-
godic if and only if a sequence of cohomological equations, one for each
n P Z r t0u (depending on the deforming angle α) has no non-null
measurable solutions. Furthermore, we prove that ergodicity always
implies unique ergodicity in compliance with the classical case [22].
We then have new nontrivial quantum examples of C˚-dynamical sys-
tems exhibiting very strong ergodic properties. The reader is referred
to [14] and [20] for an exhaustive discussion about new aspects, and new
examples arising from free probability of such C˚-dynamical systems
enjoying such very strong ergodic behaviour, respectively.
However, the strategy of the proof of this last result must be signifi-
cantly changed as the original proof relies on the notion of generic point
(see Lemma 2.1 in [22]), which is no longer available in the noncommu-
tative setting. Moreover, our proof applies to classical non-separable
cases as well, which are dealt with in Section 5.
Section 6 is devoted to answering a question raised in [17] whether
there exists a genuinely noncommutative uniquely ergodic dynamical
system for which some weighted Cesaro means, cf. (1.1), fail to con-
verge.
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More precisely, suppose we have a uniquely ergodic C˚-dynamical
system pA,Φ, ϕq. Let
`
Hϕ, piϕ, Vϕ,Φ, ξϕ
˘
be the covariant GNS repre-
sentation. In [17, 28], the inclusion of the pure-point spectra σpppΦq Ă
σpppVϕ,Φq is shown to be, in general, proper. In addition, as in the clas-
sical case described in [28], the corresponding Cesaro meansMa,λ analo-
gous to (1.1) converge pointwise in norm for each λ P σpppΦq
Ť
σpppVϕ,Φq
c,
yet fail to converge in general, even in the weak topology, for λ P
σpppVϕ,Φq r σpppΦq. This is seen through a counterexample based
on the tensor product construction, Proposition 3 in [17]. By using
the Anzai skew products, we provide counterexamples to the conver-
gence of Ma,λpnq for cases based on the cross-product construction
Aα „ CpTq⋊rα Z.
2. preliminaries
2.1. Notations. Let E be a normed space. We simply denote by } ¨ }
its norm whenever no confusion arises. In particular, }x} ” }x}H will
be the Hilbertian norm of an element x in the Hilbert space H. For
a continuous or measurable function f defined on the locally compact
space X equipped with the Radon measure µ, }f} ” }f}8 will denote
the “esssup” norm (or just the ”sup” norm for f continuous) of the
function f .
In such a situation, CbpXq will denote the C
˚-algebra consisting of all
bounded continuous functions defined on X , equipped with the natural
algebraic operations, and norm }f} ” }f}8 :“ supxPX |fpxq|. The
situation of a point-setX , together with the C˚-algebraBpXq “ CbpXq
of all bounded functions defined on X , is reduced to a particular case of
the previous one by considering X equipped with the discrete topology.
Let T :“ tz P C | |z| “ 1u be the abelian group consisting of the
unit circle. It is homeomorphic to the interval r0, 2piq by means of the
map r0, 2piq Q α ÞÑ eıα P T, after identifying the end-points 0 and 2pi.
We equivalently use both descriptions without further mention.
The dual topological group pT is isomorphic to the discrete group
Z. The corresponding Haar measures are the normalised Lebesgue
measure dm “ dz
2piız
“ dθ
2pi
for z “ eıθ on the circle, and the counting
measure on Z, respectively.
The Fourier transforms of a bounded signed Radon measure µ P
CpTq˚ and a summable function f P L1pT,mq are respectively defined
as
pµpnq :“ ż
T
z´ndµpzq , pfpnq :“ ¿ fpzqz´n dz
2piız
, n P Z.
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If f : X Ñ X is a map on a point-set X ,
– f 0 :“ idX , and for the n-times composition, f
n :“ f ˝ ¨ ¨ ¨ ˝ floooomoooon
n´times
.
Therefore, f n : X Ñ X , n P N, defines an action of the monoid N on
the set X .
If in addition f : X Ñ X is invertible,
– for the n-times composition of the inverse, f ´n :“ f ´1 ˝ ¨ ¨ ¨ ˝ f ´1looooooomooooooon
n´times
.
Therefore, f n : X Ñ X is meaningful for any n P Z and provides an
action of the group Z on the set X .
Concerning the cases under consideration relative to the noncommu-
tative 2-torus, for α P R we denote by Rα the rotation of the angle 2piα
acting on the unit circle:
T Q z ÞÑ Rαz :“ e
2piıαz P T .
2.2. C˚-dynamical systems. A (discrete) C˚-dynamical system is a
triple pA,Φ, ϕq consisting of a C˚-algebra, a positive map Φ : A Ñ A,
and a state ϕ P SpAq such that ϕ ˝ Φ “ ϕ, and
ϕ
`
Φpaq˚Φpaq
˘
ď ϕpa˚aq , a P A .
Consider the Gelfand–Naimark–Segal (GNS for short) representation`
Hϕ, piϕ, ξϕ
˘
, see e.g. [29]. Then there exists a unique linear contraction
Vϕ,Φ P BpHϕq such that Vϕ,Φξϕ “ ξϕ and
Vϕ,Φpiϕpaqξϕ “ piϕpΦpaqqξϕ , a P A .
The quadruple
`
Hϕ, piϕ, Vϕ,Φ, ξϕ
˘
is called the covariant GNS represen-
tation associated with the triple pA,Φ, ϕq.
If Φ is multiplicative, hence a ˚-homomorphism, then Vϕ,Φ is an
isometry with final range Vϕ,ΦV
˚
ϕ,Φ, the orthogonal projection onto the
subspace piϕpΦpAqqξϕ, see e.g. [25], Lemma 2.1.
For the C˚-dynamical system pA,Φ, ϕq, the case when A is a unital
C˚-algebra with unity 1I ” 1IA, and Φ is multiplicative and identity-
preserving, i.e., a unital ˚-homomorphism, is of primary importance.
Indeed, denote by AΦ :“
 
a P A | Φpaq “ a
(
the fixed-point subalgebra,
and
σphpppΦq :“
 
λ P T | λ is an eigenvalue ofΦ
(
the set of the peripheral eigenvalues of Φ (i.e., the peripheral pure-point
spectrum), with Aλ the relative eigenspaces. Obviously, 1I P A
Φ “ A1.
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For ξ P Hϕ and n P Z, consider the sequence
pµξpnq :“
"
xV nϕ,Φξ, ξy if n ě 0 ,
xV nϕ,Φξ, ξy if n ă 0 .
It is easily seen that the sequence
 pµξpnq(nPZ is positive definite, and
therefore it is the Fourier transform of a positive bounded Radon mea-
sure µξ on the unit circle T, see e.g. [17], Proposition 1.
Equally well, we can consider the peripheral pure-point spectrum
σphpppVϕ,Φq :“
 
λ P T | λ is an eigenvalue ofVϕ,Φ
(
of Vϕ,Φ.
1 Denote with Eϕ,Φλ P BpHϕq the orthogonal projection onto the
eigenspace generated by the eigenvectors associated with λ P T, with
the convention Eϕ,Φλ “ 0 if λ R σ
ph
pppVϕ,Φq. With an abuse of language,
µξ is the spectral measure of Vϕ,Φ relative to ξ P Hϕ. Therefore, if λ “
e´ıθ P T, then µξptθuq “ }E
ϕ,Φ
λ ξ}
2.
The C˚-dynamical system pA,Φq made of a unital C˚-algebra A and
an identity-preserving completely positive map Φ : A Ñ A is said to
be:
- topologically ergodic if for the fixed-point subalgebra AΦ “ C1IA,
- minimal (cf. [24]) if A itself is the unique nontrivial Φ-invariant
hereditary C˚-subalgebra of A,
- uniquely ergodic if there exists only one invariant state ϕ for the
dynamics induced by Φ.
For a uniquely ergodic C˚-dynamical system, we simply write pA,Φ, ϕq,
where ϕ P SpAq is the unique invariant state.
Since we are essentially interested in ˚-automorphisms, we specialise
the situation to the case when Φ is a unital ˚-homomorphism of the
unital C˚-algebra A.
The commutative case can be considered as a particular case of
the previous ones. Namely, with an abuse of notation a classical C˚-
dynamical system will be a pair pX, T q consisting of a locally compact
Hausdorff space X and a continuous map T : X Ñ X . An invariant
state will be an invariant Radon probability measure µ on X , that
is µ ˝ T´1 “ µ. The unital case corresponds to X being compact,
whereas the automorphic action cases correspond to T being an home-
omorphism. In this situation, the underlying C˚-algebra A, the positive
1If Φ : A Ñ A is a ˚-automorphism leaving ϕ P SpAq invariant, σpΦq and σpVϕ,Φq
belong to T. Therefore, σphpppΦq “ σpppΦq and σ
ph
pppVϕ,Φq “ σpppVϕ,Φq.
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map Φ and the invariant state ω correspond to CopXq the set of all con-
tinuous functions vanishing at infinity, Φpfq “ f ˝T and ωpfq “
ş
X
fdµ
for f P CopXq, respectively.
Concerning the classical unital cases, for a compact Hausdorff space
X , a homeomorphism T : X Ñ X is called minimal if the unique
nontrivial closed set of X , invariant under T is X itself, and it is called
uniquely ergodic if it admits a unique invariant probability measure
µ P CpTq˚`.
When we deal with C˚-dynamical systems associated with abelian
C˚-algebras as before, we simply refer ourselves to a dynamical system.
2.3. The noncommutative 2-torus. We fix the noncommutative 2-
torus based on the deformation of the classical 2-torus T2, correspond-
ing to the rotation by the angle 2piα.
Indeed, for a fixed α P R, the noncommutative torus Aα associated
with the rotation by the angle 2piα, is the universal C˚-algebra with
identity I “ 1IAα generated by the commutation relations involving two
unitary indeterminates U, V :
UU˚ “ U˚U “ I “ V V ˚ “ V ˚V,
UV “ e2piıαV U.
(2.1)
Such a C˚-algebra Aα has a canonical faithful tracial state τ , defined
on the total set tUmV n | m,n P Zu Ă Aα by
τpUmV nq :“ δm,0δn,0 , m, n P Z .
Since the abelian C˚-algebra C˚pU, Iq provides a copy of CpTq inside
Aα (cf. [11]), Aα can be viewed as a cross-product of CpTq by the action
of the dual group pT „ Z through the (all powers of the) rotations of
the angle 2piα: Aα „ CpTq ⋊rα Z, where (with an abuse of notations)
rαgpzq “ gpRαzq “ gpe
2piıαzq, g P CpTq.
Let
`
Hτ , piτ , ξτ
˘
be the GNS representation associated with the canon-
ical trace τ . We consider the sequence of vectors temn | m,n P Zu Ă
Hτ , where
emn :“ piτ
`
UmV n
˘
ξτ , m, n P Z .
The above sequence is made of orthonormal vectors:
xekl, emny “ τ
`
V ´nUk´mV l
˘
“ δk,mδl,n ,
which is indeed a basis of Hτ .
Among the most relevant properties of the noncommutative 2-torus,
we mention the equivalence of the following statements:
(i) α is irrational,
(ii) Aα is simple,
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(iii) Aα has a unique trace, which necessarily coincides with τ ,
see cf. [4], Theorem 1.10. In addition,
Aα1 „ Aα2 ðñ α1 “ ˘α2 mod Z .
When α is irrational, the GNS representation piτ generates the hy-
perfinite Murray-von Neumann type II1 factor.
When α is rational instead, it is known that Aα is strongly Morita
equivalent to A0 „ CpT
2q, see e.g. [27].2
The maps ρpoq are useful in the sequel. They are defined on the
generators by
(2.2) ρpoqz,wpUq “ zU , ρ
poq
z,wpV q “ wV , z, w P T ,
and extend to ˚-automorphisms ρ
poq
z,w : Aα Ñ Aα. In addition, the ρ
poq
z,w
leave invariant the canonical trace τ .
It is matter of routine to check that
EUpxq :“
¿
ρ
poq
1,zpxq
dz
2piız
, x P Aα
is a conditional expectation onto C˚pU, Iq „ CpTq. Therefore, each
x P Aα, admits an expansion as
(2.3) x “
ÿ
nPZ
cn,xpUqV
n ,
where cn,x P CpTq is the unique function such that cn,xpUq “ EUpxV
´nq
and the convergence of the series is understood in norm in the sense of
Feje´r, see e.g. [11], Theorem VIII.2.2. We also note that x “ 0 if and
only if the cn,x are all identically zero.
2.4. The Anzai skew-product on T2. We recall the definition and
the main ergodic properties of the so-called Anzai skew-product
Tˆ T Q ps, tq ÞÑ Tθ,hps, tq P Tˆ T
associated with the angle 2piθ, where we are tacitly assuming that
θ P p0, 1q is irrational, and the continuous function h : T Ñ T. Such a
map is defined as
(2.4) Tθ,hps, tq :“
`
Rθs, hpsq ` t
˘
, s, t P r0, 2piq ,
and the arithmetic is understood mod-2pi.
2Two C˚-algebras A and B are said to be strongly Morita equivalent if there
exist a Hilbert pB,Aq-bimodule E, and a Hilbert pA,Bq-bimodule F such that
E bA F – B , F bB E – A .
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It is possible to show (see below, or [22] for the case when X is a
compact metric space) that the Anzai skew-product Tθ,h is uniquely
ergodic, provided the dynamical system
`
T2, Tθ,h, dsdt{4pi
2
˘
is ergodic.
Consider the cohomological equation
(2.5) nhpsq “ gpRθsq ´ gpsq , n P Z r t0u
ds{2pi-a.e., where g is a measurable function.
In [22], it was shown that an Anzai skew-product (2.4) is minimal
(respectively uniquely ergodic), if and only if the cohomological equa-
tion (2.5) has no continuous (respectively measurable) solutions for
any nonzero n P Z. In particular, any uniquely ergodic Anzai skew-
product is necessarily minimal. On the other hand, it is easy to exhibit
a uniquely ergodic homeomorphism which is not minimal by consider-
ing the one-point compactification X “ Z
Ů
t8u of the integers, and
for T the one-step shift (with the convention T p8q “ 8).
In [22], an Anzai skew-product was also constructed for which the
cohomological equation admits only nontrivial measurable solutions,
that is it is minimal but not uniquely ergodic.
2.5. Uniform convergence of Cesaro means for uniquely er-
godic dynamical systems. For the sake of completeness, we collect
some standard but crucial results (cf. [17, 28]) useful in the sequel.
Proposition 2.1. Let pA,Φ, ϕq be a uniquely ergodic C˚-dynamical
system, and tωnunPN Ă SpAq any sequence of states. Then the following
assertions hold true.
(i) σphpppΦq is a subgroup of T, and the corresponding eigenspaces
Aλ, λ P σ
ph
pppΦq, have dimension one and are generated by a
single unitary uλ.
(ii) σphpppΦq Ă σ
ph
pppVϕ,Φq.
(iii) For each a P A and λ “ e´ıθ,
µpiϕpaqξϕptθuq
1{2 ě lim sup
n
1
n
ˇˇˇ
ˇ n´1ÿ
k“0
λ´kωnpΦ
kpaqq
ˇˇˇ
ˇ .

Concerning the uniquely ergodic dynamical systems, in analogy to
the classical situation (cf. [28]), we call the eigenvectors corresponding
to λ P σphpppΦq continuous eigenvectors, whereas those corresponding to
λ P σphpppVϕ,Φqr σ
ph
pppΦq measurable non-continuous eigenvectors.
For a P A and λ P T, consider the Cesaro averages
(2.6) Ma,λpnq :“
1
n
n´1ÿ
k“0
λ´kΦkpaq , n P Nr t0u .
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For the convenience of the reader, we include the proof of the main
result (cf. [17, 28]) concerning the uniform convergence of the Cesaro
means (2.6) for uniquely ergodic C˚-dynamical systems.
Theorem 2.2. Let pA,Φ, ϕq be a uniquely ergodic C˚-dynamical sys-
tem. Fix λ P σphpppΦq
Ť
σphpppVϕ,Φq
c. Then for each a P A,
lim
n
Ma,λpnq “ ϕpu
˚
λaquλ ,
uniformly, where uλ P Aλ is any eigenvector corresponding to λ P
σphpppΦq (with the convention that if λ P σ
ph
pppVϕ,Φq
c, then uλ “ 0).
Proof. By (ii) in Proposition 2.1, σphpppΦq Ă σ
ph
pppVϕ,Φq, we can firstly
consider the case λ P σphpppΦq, and take a unitary eigenvector uλ P Aλ.
Since Φ is multiplicative, we have
ϕpu˚λaquλ “ uλ lim
n
ˆ
1
n
n´1ÿ
k“0
Φkpu˚λaq
˙
“ lim
n
ˆ
1
n
n´1ÿ
k“0
λ´kΦkpaq
˙
.
Let now λ R σphpppVϕ,Φq, and suppose
1
n
řn´1
k“0 λ
´kΦkpaq 9 0 uniformly.
Then, there would exist a sequence of states states tωnunPN Ă SpAq
such that for λ “ e´ıθ, lim supn
1
n
ˇˇˇ
ˇ řn´1k“0 λ´kωn`Φkpaq˘
ˇˇˇ
ˇ ą 0. By (iii) in
Proposition 2.1,
µpiϕpaqξϕptθuq
1{2 ě lim sup
n
1
n
ˇˇˇ
ˇ n´1ÿ
k“0
λ´kωn
`
Φkpaq
˘ˇˇˇˇ ą 0
which contradicts λ R σphpppVϕ,Φq. 
Corollary 2.3. For a uniquely ergodic C˚-dynamical system pA,Φ, ϕq,
if λ P σphpppΦqr t1u, with x P Aλ we get ϕpxq “ 0.
Proof. By the previous theorem, we know that
ϕpu˚λquλ “ lim
nÑ`8
M1IA,λpnq “ 0 ,
and therefore, for x “ αuλ we get
ϕpxq1IA “ α
`
ϕpu˚λquλ
˘˚
uλ “ 0 .

In [17], we can find an example based on the tensor product con-
struction, for which the average (2.6) fails to converge even in the
weak topology, for some a P A and λ P σphpppVϕ,Φqr σ
ph
pppΦq.
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In the present paper, we will construct more complicated exam-
ples involving the noncommutative 2-torus (hence based on the cross-
product construction), for which the average (2.6) does not converge
either.
3. the anzai skew-product for the noncommutative torus
For T “ tz P C | |z| “ 1u, denote by CpT;Tq the set consisting of all
continuous functions f : TÑ T.
We fix f P CpT;Tq and an angle θ P R (with the arithmetic under-
stood mod-2pi, and f “ eıh for h in (2.4)). For U , V the universal
generators of Aα, we set
(3.1) Φθ,fpUq :“ e
iθU , Φθ,fpV q :“ fpUqV .
To the best of our knowledge, the above class of automorphisms ap-
peared for the first time in [26], where they are referred to as Fursten-
berg transformations. The definition given there, though, slightly differ
from our definition, which is better suited to the present context. In
fact, in the afore mentioned paper most of the attention is lavished on
the so-called tracial Rokhlin property, while in this paper it is ergodic
properties to be dealt with.
There follows a couple of known results whose proofs are nevertheless
included for the sake of completeness.
Proposition 3.1. Equation (3.1) uniquely defines a ˚-automorphism
of Aα, whose inverse is Φ
´1
θ,f “ Φ´θ,f˝R´θ{2pi .
Proof. We start by computing
Φθ,fpUqΦθ,f pV q “e
ıθUfpUqV “ eıθfpUqUV
“eıθfpUqV Ue2piıα
“ pfpUqV q
`
eıθU
˘
e2piıα
“Φθ,fpV qΦθ,fpUqe
2piıα ,
that is the unitaries Φθ,f pUq and Φθ,f pV q satisfy the same commutation
relations as U and V . Therefore, Φθ,f extends to a multiplicative ˚-
homomorphism of Aα by universality, see e.g. [4]. Finally, it is a matter
of computations to see that its inverse is given by Φ´1θ,fpUq “ e
´ıθU and
Φ´1θ,fpV q “ fpe
´ıθUq˚V “ f ˝ R´θ{2pipUqV , and the proof follows. 
Definition 3.2. The ˚-automorphism of Aα uniquely defined by (3.1)
will be called the Anzai skew-product for the noncommutative 2-torus.
Remark 3.3. We point out the following facts.
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(i) fpUq˚ will in general fail to coincide with fpU˚q. However, they
do coincide if and only if fpz¯q “ fpzq, for any z P T.
(ii) For the Anzai skew-product in Aα, it would have been possible
to define ΦpUq “ eiθU and ΦpV q “ V fpUq or, equally well,
any other reasonable interpolated definition between fpUqV and
V fpUq for ΦpV q. By using (2.1), it is easily seen that
V fpUq “ Φθ,f˝R´αpV q ,
and therefore we can interplay between both definition by chang-
ing the continuous function f in a trivial way.
(iii) Since C˚pU, Iq „ CpTq, any continuous function f : T Ñ T
defines a unitary
fpUq “: u P C˚pU, Iq Ă Aα ,
and vice-versa. Therefore, the Anzai skew-product in Definition
3.2 is equivalently associated with the angle θ and the unitary
u :“ fpUq.
For f P CpT;Tq, define
(3.2) fnpzq :“
$’’&
’’%
śn´1
l“0 f ˝ R´lαpzq , n ą 0 ,
1 , n “ 0 ,ś|n|
l“1 f ˝ Rlαpzq , n ă 0 .
Proposition 3.4. The canonical trace τ is invariant under the action
of any Anzai skew-product Φθ,f .
Proof. We start by noticing that
Φθ,fpU
mV nq “
ÿ
kPZ
yfm,npkqUkV n ,
where the fm,n P CpT;Tq are given for m,n P Z by
fm,npzq “ e
ımθzmfnpzq , z P T .
Therefore, τ pΦθ,f pU
mV nqq “ yfm,0p0q. Since fm,0pzq “ eımθzm, and
thus yfm,0p0q “ δm,0, the assertion follows by a standard approximation
argument because
τ pΦθ,f pU
mV nqq “ δm,0δn,0 “ τpU
mV nq , m, n P Z .

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4. ergodic properties of the anzai skew-product
For a unital ˚-automorphism γ of a unital C˚-algebra A, SpAqγ and
B pSpAqγq denote the convex ˚-weakly compact set of the invariant
states of A under the action of γ, and its convex boundary made of
extreme invariant states, respectively. The elements of B pSpAqγq are
called the ergodic states.
Let ϕ P SpAqγ and Eϕ,γ1 P BpHϕq be the self-adjoint projection onto
the eigenspace of the vectors invariant under Vϕ,γ. We recall that
dim
`
E
ϕ,γ
1
˘
“ 1 ùñ ϕ P B pSpAqγq ,
see e.g. [29], Proposition 3.1.10.
We set M :“ piτ pAαq
2 the von Neumann algebra generated by the
GNS representation of the canonical trace τ . We note that:
(i) M acts in standard form (with conjugation Jτ ) on Hτ ,
(ii) Kerppiτ q “ t0u and therefore piτ realises a ˚-automorphism be-
tween Aα and its image piτ pAαq ĂM ,
(iii) taking into account Proposition 3.4, the powers of the adjoint
action adVτ,Φθ,f extend faithfully the action associated with the
Anzai skew-product Φθ,f to all of M :
piτ ˝ Φ
n
θ,f ˝ pi
´1
τ “ adV nτ,Φθ,f
rpiτ pAαq , n P Z .
From now on, for the Anzai skew-product Φθ,f , we assume that θ{2pi
is irrational without further mention.
We are now in a position to state and prove our theorem that says
exactly when a quantum Anzai flow Φθ,f is ergodic.
Theorem 4.1. Let f P CpT;Tq, and fn defined in (3.2). For any
α P R, the C˚-dynamical system
`
Aα,Φθ,f , τ
˘
is ergodic if and only if,
for each n P Z r t0u, the equation
(4.1)
`
g ˝ Rθ{2pi
˘
fn “ g
has no non-zero solution g P L2pT,mq.
Proof. Fix g P L2pT,mq, and define g
`
piτ pUq
˘
through the measurable
functional calculus. It is a closed, in general unbounded operator act-
ing on Hτ which does not depend on the measurable representative
function g. By a standard approximation argument, it is matter of
routine to verify that, first piτ pV q
nξτ P Dgppiτ pUqq for each n P Z, and
second
Hτ “
"ÿ
nPZ
gn
`
piτ pUq
˘
piτ pV q
nξτ | gn P L
2pT,mq s.t.
ÿ
nPZ
}gn}
2 ă `8
*
.
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In addition,
Hτ Q ξ “
ÿ
nPZ
gn
`
piτ pUq
˘
piτ pV q
nξτ “ 0 ðñ gn “ 0 , n P Z .
Indeed, by the following simple calculation
}ξ}2 “
ÿ
m,nPZ
@
gm
`
piτ pUq
˘˚
gn
`
piτ pUq
˘
V n´mξτ , ξτ
D
“
ÿ
m,nPZ
@
gm
`
piτ pUq
˘˚
gn
`
piτ pUq
˘
ξτ , ξτ
D
δm,n
“
ÿ
nPZ
@
gn
`
piτ pUq
˘˚
gn
`
piτ pUq
˘
ξτ , ξτ
D
“
ÿ
nPZ
ż
|gnpzq|
2dmpzq “
ÿ
nPZ
}gn}
2
we obtain the assertions by taking into account that elements of the
form g
`
piτ pUq
˘
piτ pV q
nξτ “ piτ
`
gpUqV n
˘
ξτ for g P CpTq and n P Z
generate a total set of Hτ . Obviously, ξτ corresponds to the singleton
gnpzq “ δn,0.
As explained below,
`
Aα,Φθ,f , τ
˘
is ergodic (or in other words τ
is extremal among the invariant states under the action of Φθ,f) if
E
ϕ,Φ
1 Hτ “ Cξτ .
Taking into account the above considerations, we expand a generic
vector in Hτ as ξ “
ř
nPZ gn
`
piτ pUq
˘
piτ pV q
nξτ . If n “ 0, the equation
Vτ,Φθ,f ξ “ ξ leads to g0 ˝ Rθ{2pi “ g0 in L
2pT,mq, which has the unique
solution g0 “ 1 because θ is irrational. Therefore, we can reduce the
matter to sums of the form ξ “
ř
n‰0 gn
`
piτ pUq
˘
piτ pV q
nξτ which gener-
ate Hτ a tCξτu. We obtain
0 “Vτ,Φθ,f ξ ´ ξ
“
ÿ
n‰0
ˆ
gn
`
piτ
`
Φθ,f pUq
˘˘
piτ
`
Φθ,fpV
nq
˘
ξτ ´ gn
`
piτ pUq
˘
piτ pV
nqξτ
˙
“
ÿ
n‰0
ˆ
gn
`
piτ pe
ıθUq
˘
piτ pfnpUqq ´ gn
`
piτ pUq
˘˙
piτ pV
nqξτ
“
ÿ
n‰0
ˆ
gn
`
piτ pe
ıθUq
˘
fn
`
piτ pUq
˘
´ gn
`
piτ pUq
˘˙
piτ pV
nqξτ
“
ÿ
n‰0
ˆ`
pgn ˝ Rθ{2piqfn
˘`
piτ pUq
˘
´ gn
`
piτ pUq
˘˙
piτ pV
nqξτ ,
which leads to (4.1) has no nonzero L2-solutions for each n ‰ 0 
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Remark 4.2. We note that, if g is any measurable essentially bounded
function satisfying g
`
eıθz
˘
fnpzq “ gpzq almost everywhere, for some
n P Z and θ P R with θ{2pi irrational, then |gpzq| “ const. almost
everywhere.
By taking the absolute value, we have
ˇˇ
gpeıθzqfnpzq
ˇˇ
“ |gpzq|, which
leads to
ˇˇ
gpeıθzq
ˇˇ
“ |gpzq| because |fnpzq| “ 1. Therefore,
ˇˇ
gpeınθzq
ˇˇ
“
|gpzq| for each n P Z, which leads to the assertion thanks to ergodicity.

With an argument similar to the one leading to Theorem 4.1, we have
the following result which characterises the topological ergodicity for
the Anzai skew-product in terms of the absence of continuous solutions
of the cohomological equations (4.1).
Proposition 4.3. For the C˚-dynamical system pAα,Φθ,fq, we have
pAαq
Φθ,f “ C1IAα if and only if, for each n P Zr t0u, the equation (4.1)
has no non-zero solution g P CpTq.
Proof. For x P Aα rC
˚pU, Iq, consider the expansion in (2.3) given by
x “
ř
n‰0 cn,xpUqV
n. Then
Φθ,f pxq ´ x “
ÿ
n‰0
`
cn,xpe
ıθUqfnpUq ´ cn,xpUq
˘
V n ,
where the sum converges in norm in the sense previously explained,
and the fn are given in (3.2). Therefore, pAαq
Φθ,f ) C1IAα if and only
if Φθ,f pxq ´ x “ 0 for some nonzero element x P Aα as above. But this
happens if and only if, for some n ‰ 0, cn,xpe
ıθUqfnpUq “ cn,xpUq for
some non-zero continuous function cn,x, or equivalently if and only if
the equation (4.1) has some non-zero solution g ” cn,x P CpTq for some
n ‰ 0. 
The next proposition provides many examples of ergodic non-com-
mutative Anzai skew-products, generalising the well known examples
arising from classical ergodic theory, see e.g. [2], pag. 84.
Proposition 4.4. If f pzoqpzq “ zoz, where zo P T, then the correspond-
ing dynamical system pAα,Φθ,fpzoq, τq is ergodic for any α P R.
Proof. Thanks to Theorem 4.1, all we need to show is the cohomological
equations for f pzoq have no nonzero L2-solutions for n ‰ 0. Setting
an :“
"
e´piınpn´1qα , n ą 0 ,
epiınp|n|`1qα , n ă 0 ,
for f
pzoq
n in (3.2) we get f
pzoq
n pzq “ anpzozq
n.
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Fix now g P L2pT,mq given by gpzq “
ř
kPZ pgpkqzk, where tpgpkqukPZ
is a square-summable double sequence. For each fixed n ‰ 0, (4.1)
leads to ˆ
anz
n
o pgpkqeıkθ ´ pgpk ` nq
˙
“ 0 .
Consequently, we easily obtain |pgpkq| “ |pgpk ` nq| and therefore pgpkq “
0 for all k P Z, otherwise pgpkq 9 0 which would be a contradiction
because of the square-summability of the pgpkq. This means that g is
the null-function in L2pT,mq. Therefore, the equation (4.1) cannot
have any non-null solution for each n P Z r t0u. 
We are now ready to prove one of the main results concerning unique
ergodicity. It can be viewed as a noncommutative version of Lemma
2.1 in [22] involving skew-products for processes on the torus (i.e. a
natural generalisation of Anzai skew-products).
Theorem 4.5. For each α P R, let f P CpT;Tq such that the C˚-
dynamical system
`
Aα,Φθ,f , τ
˘
is ergodic. Then
`
Aα,Φθ,f
˘
is uniquely
ergodic with the canonical trace τ as the unique invariant state.
Proof. We already know that, under the hypotheses made in the theo-
rem, the trace τ is an extreme state in SpAαq
Φθ,f . What we now need
to do is show that the trace τ is in addition the only Φθ,f -invariant
state.
For the Anzai skew-product Φθ,f and ρ
poq
1,z given in (2.2), it is imme-
diate to see that ρ
poq
1,z ˝Φθ,f “ Φθ,f ˝ρ
poq
1,z. Consequently, ω P SpAαq
Φθ,f ñ
ω ˝ ρ
poq
1,z P SpAαq
Φθ,f .
Let now ω be any invariant state. Since the irrational rotations
on the 1-dimensional torus are well known to be uniquely ergodic, we
immediately see that ωpUmq “ δm,0.
We next consider a new state ω¯, which is obtained by averaging the
given ω under the action of the ˚-automorphisms ρ
poq
1,z defined above:
ω¯ :“
ű
dz
2piız
ω ˝ ρ
poq
1,z. We claim that ω¯ is always the trace τ irrespective
of what ω actually was. Indeed, for the collections of linear generators 
UmV n
(
m.nPZ
one has
ω¯pUmV nq “
¿
ω
`
ρ
poq
1,zpU
mV nq
˘ dz
2piız
“ ωpUmV nq
¿
zndz
2piız
“ωpUmV nqδn,0 “ ωpU
mqδn,0 “ δm,0δn,0 “ τpU
mV nq .
The last step is to note that ω should be the trace itself because we
have just shown that τ is obtained by averaging a class of invariant
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states. For such a purpose, suppose ω ‰ τ and define
ϕo :“
1
pi
ż pi
0
ω ˝ ρ
poq
1,eıβ
dβ , ψo :“
1
pi
ż 2pi
pi
ω ˝ ρ
poq
1,eıβ
dβ .
If neither were the trace τ , we immediately would be lead to a contra-
diction because τ “ 1
2
pϕo`ψoq, being extremal, cannot be obtained by
convex combination of invariant states. We then conclude that both
ϕo and ψo should be the trace τ . This means τ “
1
pi
şpi
0
ω ˝ ρ
poq
1,eıβ
dβ. We
can repeat the process, obtaining a sequence of invariant states tϕjujPN
with ϕj :“
2j
pi
şpi{2j
0
ω ˝ ρ
poq
1,eıβ
dβ. If some of them were not the trace, we
would obtain again a contradiction by extremality as before, and we
are done. Conversely, if all of them coincided with the trace, taking
the limit in the ˚-weak topology, we would easily obtain
τ “
2j
pi
ż pi{2j
0
ω ˝ ρ
poq
1,eıβ
dβ “ lim
j
2j
pi
ż pi{2j
0
ω ˝ ρ
poq
1,eıβ
dβ “ ω ,
that is any invariant state ω coincides with the trace τ . 
Collecting together Theorems 4.1 and 4.5, we have the following
Corollary 4.6. For an Anzai skew-product Φθ,f on Aα, the following
are equivalent:
(i) the canonical trace τ is ergodic for Φθ,f ,
(ii) the equation
`
g ˝ Rθ{2pi
˘
fn “ g has no nonzero solution in
L2pT,mq for each n P Z r t0u,
(iii) the dynamical system
`
Aα,Φθ,f
˘
is uniquely ergodic.

Concerning the minimality, we have the following
Corollary 4.7. Suppose that
`
Aα,Φθ,f , τ
˘
is ergodic. Then
`
Aα,Φθ,f
˘
is minimal.
Proof. Since the canonical trace τ is faithful, the assertion follows by
[24], Corollary 2.6. 
It is worth pointing out that in the classical setting examples are
known of Anzai skew-products which are minimal but nevertheless fail
to be uniquely ergodic, see e.g. [22, 28] and the references therein. To
the best of our knowledge, examples of this sort have not yet been ex-
hibited in the noncommutative setting. Therefore, we intend to return
to this interesting point elsewhere.
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5. processes on the torus
By following the strategy of the proof of Theorem 4.5, we can extend
the analysis in Section 2 of [22] relative to the so-called processes on
the torus, to the non-separable cases.
Indeed, consider a classical dynamical system
`
CpXoq, To, µo
˘
where
Xo is a compact space, µ is a probability Radon measure on Xo and
finally To : Xo Ñ Xo is a homeomorphism preserving the measure µo.
On the cartesian product X :“ Xo ˆT, consider the (generalisation of
the Anzai) skew-product T pxo, zq :“
`
Toxo, fpxoqz
˘
where f : Xo Ñ T
is a continuous function. As explained in [22], Section 2, it is easily
seen that T leaves the measure µ :“ µo ˆm invariant, and so we can
naturally deal with
`
CpXq, T, µ
˘
.
The following result generalises Lemma 2.1 of [22] to the case when
the probability measure µo on Xo is not standard.
3
Proposition 5.1. Suppose that the dynamical system
`
CpXoq, To
˘
is
uniquely ergodic. For the dynamical system
`
CpXq, T, µ
˘
, the following
are equivalent:
(i) µ is an ergodic measure for the action of T ,
(ii) the equation
gpToxoqfpxoq
n “ gpxoq , µo- a.e. ,
has no nonzero solution in L2pXo, µoq for each n P Z r t0u,
(iii) the dynamical system
`
CpXq, T
˘
is uniquely ergodic.
Proof. (i)ðñ (ii) follows similarly to Lemma 2.1 of [22], or equally well
to Theorem 4.1, by expanding a generic function h P L2pXoˆT, µoˆmq
in orthogonal pieces as
hpxo, zq „
ÿ
nPZ
hnpxoqz
n ,
with thnunPZ Ă L
2pXo, µoq such that
ř
nPZ }hn}
2 ă `8.
(iii)ñ(i) is trivial by noticing that µ is invariant under the (dual)
action of T .
(i)ñ(iii) follows the same line of Theorem 4.5 by considering the
point-transformation Sβ defined as in [22] by
Sβpxo, zq :“ pxo, e
ıβzq , xo P Xo , z P T , β P r0, 2piq .
We first notice that ν ˝ Sβ is invariant under the action of T , provided
ν is invariant. Therefore, if ν is any invariant probability measure
3The positive Radon measure µ P CpXq˚ on the compact Hausdorff space X is
said to be standard if L2pX,µq is separable.
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and ω :“
ş
X
fdν is the corresponding invariant state on CpT q, then
ω¯ :“ 1
2pi
ş2pi
0
ω ˝ Sβdβ is an invariant state which cannot be extremal
as we have shown in the proof of Theorem 4.5. We then obtain the
assertion if we show that ω¯pfq “
ş
X
fdµ “ ωpfq for each f P CpXq.
By the Stone-Weierstrass theorem, it is enough to consider functions
of the form fpxo, zq “ F pxoqz
n which generate a dense set in CpXq as
F runs in CpXoq and n in Z.
For such a purpose, we start by noticing that for functions fF pxo, zq :“
F pxoq depending only on the first variable xo, νpfF q defines an invari-
ant state on CpXoq which must coincide with that associated with µo
by unique ergodicity:
ş
X
fFdν “
ş
Xo
Fdµo.
Now we compute
ω¯pfq “
1
2pi
ż 2pi
0
dβeınβ
ż
ToˆT
dνpxo, zqF pxoqz
n
“δn,0
ż
X
fFdν “ δn.0
ż
Xo
Fdµo
“
ż
X
fdµ “ ωpfq ,
which ends the proof. 
6. on the convergence of the average 1
n
řn´1
k“0 λ
´kΦk
The present section is devoted to showing that there exists an Anzai
skew-product on Aα for which the Cesaro means Ma,λ given in (2.6) do
not converge in the weak topology of Aα, for some a P Aα and λ P T.
We then provide examples which do not arise by the tensor product
construction exhibited in [17].
The following lemma, due to Furstenberg (cf. [22], pag. 585) and
reported in [28], Lemma 3.2, applies to the cohomological equation
(4.1) for n “ 1.
Lemma 6.1. There is an angle θ such that θ
2pi
R Q and a function
f P CpTq such that the associated cohomological equation (4.1) with
n “ 1 admits a solution g P L8pT,mqr CpTq.

The following result addresses non-ergodic Anzai skew-products, which
cannot be directly obtained by the known theory, cf. [1], Theorem 3.2.
Lemma 6.2. Let θ be such that θ
2pi
R Q and f P CpTq. If for some
n P Zr t0u, the cohomological equation (4.1) associated with the Anzai
skew-product pAα,Φθ,f , τq admits a solution g P L
2pT,mqrCpTq, then
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the limit of the Cesaro means Ma,1 given in (2.6) does not exist in the
weak topology for some a P Aα.
Proof. We put Φ :“ Φθ,f . By using the fact that g P L
2pT,mq is a non-
continuous nonzero solution of the cohomological equation for some
n ‰ 0, and in addition that g
`
piτ pUq
˘
belongs to the unitary group of
the abelian von Neumann algebra piτ
`
C˚pU, Iq
˘2
, see e.g. Remark 4.2,
we compute
piτ
`
ΦpV nq
˘
“piτ
`
pfpUqV qn
˘
“ piτ
`
fnpUqV
n
˘
“g
`
piτ pe
ıθUq
˘´1
g
`
piτ pUq
˘
piτ pV
nq .
This leads to
piτ
`
ΦpV nqV ´n
˘
“ g
`
piτ pe
ıθUq
˘´1
g
`
piτ pUq
˘
.
Now we claim that, for each k P N,
(6.1) piτ
`
ΦkpV nqV ´n
˘
“ g
`
piτ pe
ıkθUq
˘´1
g
`
piτ pUq
˘
,
which is proven by induction.4 Indeed, it is trivially true for k “ 0,
and the previous calculation has shown that it holds true even when
k “ 1.
Now we assume it holds true for a generic integer k P N and deduce
that it holds true even for k ` 1 P N. We have
piτ
`
Φk`1pV nqV ´n
˘
“ piτ
`
Φ
`
ΦkpV nqV ´n
˘˘
piτ
`
ΦpV nqV ´n
˘
“ adVτ,Φ
´
g
`
piτ pe
ıkθUq
˘´1
g
`
piτ pUq
˘¯
g
`
piτ pe
ıθUq
˘´1
g
`
piτ pUq
˘
“g
`
piτ pe
ıpk`1qθUq
˘´1
g
`
piτ pe
ıθUq
˘
g
`
piτ pe
ıθUq
˘´1
g
`
piτ pUq
˘
“g
`
piτ pe
ıpk`1qθUq
˘´1
g
`
piτ pUq
˘
.
Let CpTq Q h ÞÑ hpUq P Aα be the map realising the ˚-isomorphism
CpTq „ C˚pU, Iq, and fix h P CpTq such that
ş
T
hg´1dm ‰ 0. By
(6.1), the representative in piτ pAαq of Φ
kphpUqV nqV ´n can be easily
computed as
piτ
`
ΦkphpUqV nqV ´n
˘
“piτ
`
ΦkphpUq
˘
piτ
`
ΦkpV nqV ´n
˘
“piτ phpe
ıkθUqqgppiτ pe
ıkθUqq´1
˘
g
`
piτ pUq
˘
.
The above calculation leads to
piτ phpe
ıkθUqqgppiτ pe
ıkθUqq´1g
`
piτ pUq
˘
“ piτ
`
ΦkphpUqV nqV ´n
˘
Ppiτ pAαq
č
piτ
`
C˚pU, Iq
˘2
“ piτ
`
C˚pU, Iq
˘
,
4It can easily seen that (6.1) holds true for each k P Z.
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and therefore, for each k P N there exist a unique function Gk P CpTq
such that
ΦkphpUqV nqV ´n “ GkpUq .
In addition, the last computations also yield
Gkpzq “ hpe
ıkθzqgpeıkθzq´1gpzq , m-a.e. .
Now, for each z P T we consider any extension ωz P SpAαq of the state
on C˚pU, Iq „ CpTq corresponding to the evaluation at the point z (i.e.
ωzpfpUqq “ fpzq for f P CpTq), together with ϕz :“ ωzp ¨V
´nq. Notice
that
ϕz
`
ΦkphpUqV nq
˘
“ωz
`
ΦkphpUqV nqV ´n
˘
“Gkpzq “ hpe
ıkθzqgpeıkθzq´1gpzq ,
where the last equality is understood almost everywhere.
Concerning the Cesaro averages, we compute
1
l
l´1ÿ
k“0
Gkpzq “ϕz
`
M1,hpUqV nplq
˘
“
1
l
l´1ÿ
k“0
hpeıkθzqgpeıkθzq´1gpzq ,
where as usual the last equality holds almost everywhere.
Notice that, by an elementary application of the Birkhoff individual
ergodic theorem,
lim
l
ˆ
1
l
l´1ÿ
k“0
hpeıkθzqgpeıkθzq´1gpzq
˙
“ lim
l
ˆ
1
l
l´1ÿ
k“0
hpeıkθzqgpeıkθzq´1
˙
gpzq “ Cgpzq
almost everywhere, where C :“
ş
T
hg´1dm ‰ 0.
If Ma,1 were convergent in the weak topology for each a P Aα, we
would obtain
gpzq “ lim
l
1
l
řl´1
k“0Gkpzq
C
,
almost everywhere. Therefore, the measurable non-continuous function
g would be in the equivalence class of the pointwise limit of the sequence
of continuous functions
1
l
řl´1
k“0Gkpzq
C
, that is it would coincide with a
Baire 1st class function, almost everywhere. As shown in [22], pag. 584,
this leads to a contradiction because, in our situation, g must coincide
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with a continuous function, almost everywhere, which is contrary to
our assumption. 
Lemma 6.1 says that there might be Anzai skew-products Φθ,f that
are topologically ergodic, i.e. pAαq
Φθ,f “ C1IAα, but not ergodic i.e.
dim
`
E
τ,Φθ,f
1 Hτ
˘
ą 1. Indeed, by Proposition 4.3, it would be enough
to determine f for which the cohomological equation (4.1) does not
admit any continuous solution but the trivial ones C1 for n “ 0, and
in addition has some nontrivial measurable non-continuous solution for
some n P Z r t0u.
On the other hand, Lemma 6.2 says that there are Anzai skew-
products which do not enjoy either a weaker property of unique er-
godicity, which we are going to define.
A C˚-dynamical system pA,Φq based on the unital C˚-algebra and
the identity-preserving completely positive map Φ : AÑ A is said to be
uniquely ergodic w.r.t. the fixed point subalgebra if it satisfies one of the
properties (i)-(vi) listed in Theorem 2.1 of [19], see also [1], Definition
3.3. In particular, pA,Φq is uniquely ergodic w.r.t. the fixed point
subalgebra if and only if the ergodic average 1
n
řn´1
k“0 Φ
kpaq converges,
pointwise in norm, for each a P A.
An immediate consequence of Lemma 6.2 is the following
Corollary 6.3. Under the hypotheses of Lemma 6.2, the C˚-dynamical
system
`
Aα,Φθ,f
˘
is not uniquely ergodic w.r.t. the fixed point subalge-
bra.

The following result is the goal of the present section. Namely, there
are noncommutative uniquely ergodic C˚-dynamical systems pA,Φ, ϕq
not based on the tensor product construction, with A a unital C˚-
algebra, and Φ : A Ñ A a ˚-automorphism, for which σpppΦq (
σpppVϕ,Φq, such that for some λ P σpppVϕ,Φq r σpppΦq and a P A, the
average 1
n
řn´1
k“0 λ
´kΦkpaq does not converge, even in the weak topology.
Theorem 6.4. For each α P R, there exists a uniquely ergodic An-
zai skew-product
`
Aα,Φθ, rf , τ
˘
, with θ irrational and rf P CpT;Tq not
depending on α, such that σpp
`
Φ
θ, rf
˘
( σpp
`
Vτ,Φ
θ, rf
˘
and the limit
(6.2) lim
nÑ`8
1
n
n´1ÿ
k“0
λ´kΦk
θ, rfpaq
fails to exist in the weak topology of Aα, for some a P Aα and λ P
σpp
`
Vτ,Φ
θ, rf
˘
r σpp
`
Φ
θ, rf
˘
.
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Proof. Fix ν P R such that θ and ν are rationally independent.5 We
note that ρ
poq
eıθ ,eıν
defined in (2.2) can be viewed as an Anzai skew prod-
uct associated with the pair θ, fν with fνpzq “ e
ıν , identically. Since
θ and ν are rationally independent, the cohomological equation (4.1),
n ‰ 0, has no non-zero solution in L2pT,mq, and therefore the C˚-
dynamical system
`
Aα, ρ
poq
eıθ,eıν
˘
is uniquely ergodic with τ the unique
invariant state.
Denote by ρeıθ,eıν : piτ pAαq
2 Ñ piτ pAαq
2 the canonical extension of
ρ
poq
eıθ,eıν
to the von Neumann algebra piτ pAαq
2. It is a ˚-automorphism
preserving the tracial vector state x ¨ ξτ , ξτy, such that theW
˚-dynamical
system
`
piτ pAαq
2, ρeıθ,eıν , x ¨ ξτ , ξτy
˘
is ergodic.
Let θ and f be as in the statement of Lemma 6.1 and λ :“ eıν P T.
Consider the function rfpzq :“ eıνfpzq, and observe that g P L2pT,mqr
CpTq is a solution of the cohomological equation (4.1) for n “ 1, i.e.
gpeıθzqfpzq “ gpzq for almost every z P T, if and only if
gpeiθzqe´iν rfpzq “ gpzq ,
for almost every z P T. Now we show that the Anzai skew-product
Φ
θ, rf is ergodic, and thus uniquely ergodic. To this aim, we define a ˚-
automorphism ρ : piτ pAαq
2 Ñ piτ pAαq
2 realising the equivalence of the
W ˚-dynamical system
`
piτ pAαq
2, adVτ,Φ
θ, rf , x ¨ ξτ , ξτy
˘
with the ergodic
W ˚-dynamical system
`
piτ pAαq
2, ρeıθ,eıν , x ¨ ξτ , ξτy
˘
, which leads to the
assertion.
Indeed, define ρ on the generators u :“ piτ pUq and v :“ piτ pV q
ρpuq :“ u , ρpvq :“ gpuq´1v .
By the universal property of the noncommutative 2-torus, ρ provides
a ˚-automorphism of piτ pAαq
2. In addition, an analogous computation
as in Proposition 3.4 leads to
xρpaqξτ , ξτy “ xaξτ , ξτy , a P piτ pAαq
2 ,
that is ρ preserves the tracial vector state. Finally, on the generators
u, v of piτ pAαq
2,
ρ
`
adVτ,Φ
θ, rf puq
˘
“ eıθu “ ρeıθ,eıνpρpuqq ,
ρ
`
adVτ,Φ
θ, rf pvq
˘
“ ρp rfpuqvq “ rfpuqgpuq´1v
“g
`
eıθu
˘´1`
eıνv
˘
“ ρeıθ,eıνpρpvqq ,
5A finite set tν1, . . . , νnu Ă R is said to be rationally independent if for any linear
combination of the form
řn
l“1 klνl “ 0, with kl integers, implies k1 “ ¨ ¨ ¨ “ kn “ 0.
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which leads to ρ ˝ adVτ,Φ
θ, rf “ ρeıθ,eıν ˝ ρ.
Next, we show that λ “ eıν is a measurable but not continuous
eigenvalue of Φ
θ, rf by exhibiting an eigenvector inHτ that does not come
from an element of Aα. Indeed, consider gpuqvξτ P Hτ and compute
VΦ
θ, rf gpuqvξτ “ adVτ,Φθ, rf pgpuqvqξτ “ gpe
iθuq rfpuqvξτ “ eıνgpuqvξτ ,
and thus gpuqvξτ is an eigenvector with eigenvalue λ. Taking into
account that 
g
`
piτ pUq
˘
V | g P L8pT,mq
(č
piτ pAαq “
 
g
`
piτ pUq
˘
V | g P CpTq
(
,
and ξτ is separating, such an eigenvector is indeed a measurable non-
continuous one.
Lastly, we show that the limit in (6.2) with λ “ eıν fails to exist in the
weak topology, for some a P Aα. To this aim, consider the Anzai skew-
product Φθ,f , which is not ergodic by assumption. For every k P N, we
have Φkθ,fpUq “ e
ıkθU “ Φk
θ, rfpUq, while Φkθ,fpV q “
”śk´1
l“0 fpe
ılθUq
ı
V
and Φk
θ, rf pV q “
”śk´1
l“0
rfpeılθUqı V “ λkΦkθ,fpV q. Now take h P CpTq as
in the proof of Lemma 6.2. Comparing the two Anzai skew-products
on a :“ hpUqV P Aα, we get
Φk
θ, rfphpUqV q “ Φkθ,fphpUqq
`
λkΦkθ,f pV q
˘
“ λkΦkθ,f phpUqV q ,
and thus
1
n
n´1ÿ
k“0
λ´kΦk
θ, rf phpUqV q “
1
n
n´1ÿ
k“0
Φkθ,f phpUqV q .
Since, by Lemma 6.2, the r.h.s. fails to converge in the weak topology,
the proof follows. 
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